NOTE

BIER SPHERES AND BARYCENTRIC SUBDIVISION

MARK DE LONGUEVILLE

With any proper simplicial subcomplex K of the abstract (n−1)-simplex 2^{{1,...,n}}, one can associate the Bier sphere Bier_n(K), a certain triangulated (piecewise linear) (n − 2)-sphere [1]. The Bier spheres have become an established tool in topological combinatorics and received attention in connection with the van Kampen–Flores Theorem and the existence of non-polytopal triangulations of spheres [2, 3, 4, 5, 6].

It is not obvious that Bier spheres are actually spheres. The proof in [6, pp. 112– 116] is a recursive construction using the bistellar flip operation on triangulations. This note provides a short non-recursive proof bringing to light some of the inherent structure of the Bier spheres.

As a reference to all mentioned topological concepts we refer once again to the wonderful book [6] by Jiří Matoušek.

The combinatorial Alexander dual. Let K ⊂ 2^{[n]} be an abstract simplicial complex. The combinatorial Alexander dual K^⋆ of K is given by the complements of the non-faces of K: K^⋆ = {τ ⊂ [n] : τ ∉ K}, where τ denotes the complement [n] \ τ. The following lemma characterizes the Alexander dual via its first barycentric subdivision as illustrated in Figure 1. Let’s denote the first barycentric subdivision of a complex L by sd(L). Recall that the simplices of sd(L) are given by (possibly empty) inclusion chains of nonempty simplices of L.

Lemma 1. For any simplicial complex K ⊂ 2^{[n]} we have

{t_0 ⊂ · · · ⊂ t_l} ∈ sd(K^⋆) ⊆ sd(2^{[n]} \ {[n]})

if and only if {t_l ⊂ · · · ⊂ t_0} is disjoint from sd(K) ⊆ sd(2^{[n]} \ {[n]}). □

3 4 3 4 K K^⋆ 2 3 1 1 2 1 2

Figure 1. A complex K, its Alexander dual K^⋆, and the interplay of their barycentric subdivisions

2 MARK DE LONGUEVILLE

Subcomplexes of joins. In the following we denote the join operation as usual by ∗.

Lemma 2. Let K ⊆ 2^{[n]} and L ⊆ 2^{[m]} be two abstract simplicial complexes, and J be a subcomplex of the join K ∗ L. Then the complexes J and

{s ∗ t : s ∈ sd(2^σ ), t ∈ sd(2^τ ), σ ∗ τ ∈ J} ⊆ sd(K) ∗ sd(L)

possess identical geometric realizations. □

The Bier sphere. For K ⊂ 2^{[n]} the Bier sphere Bier_n(K) is defined as the deleted join of K with its combinatorial Alexander dual Bier_n(K) = K ∗_Δ K^⋆ = {σ ∗ τ : σ ∈ K, τ ∈ K^⋆, σ ∩ τ = ∅} = {σ ∗ τ : σ ∈ K, τ ∉ K, σ ⊆ τ }. Lemma 1 and Figure 1 suggest the following.

Theorem. For a simplicial complex K ⊂ 2^{[n]} the Bier sphere Bier_n(K) is a (piecewise linear) (n − 2)-sphere. More precisely, if we replace each simplex σ ∗ τ in the Bier sphere by sd(2^σ) ∗ sd(2^τ ) we obtain a complex isomorphic to sd(2^{[n]} \ {[n]}), i.e., the barycentric subdivision of the boundary of the (n − 1)-simplex.

Proof. According to Lemma 2 Bier_n(K) = K ∗_Δ K^⋆ and the following complex possess identical geometric realizations.

{s ∗ t : s ∈ sd(2^σ), t ∈ sd(2^τ ), σ ∗ τ ∈ K ∗_Δ K^⋆} = {(s_1 ⊂ · · · ⊂ s_k) ∗ (t_1 ⊂ · · · ⊂ t_l) : ∅≠s_i⊆σ, ∅≠t_j ⊆τ, σ∈K, τ∉K, σ⊆τ } The last complex maps isomorphically to sd(2^{[n]} \ {[n]}) via (s_1 ⊂ · · · ⊂ s_k) ∗ (t_1 ⊂ · · · ⊂ t_l) → (s_1 ⊂ · · · ⊂ s_k ⊂ t_l ⊂ · · · ⊂ t_1). This map is well defined and injective since s_k ⊆ σ ⊆ τ ⊆ t_l ⊂ [n]. To see surjectivity let u_1 ⊂ · · · ⊂ u_m ∈ sd(2^{[n]} \ {[n]}). Let u_0=∅, u_{m+1}=[n], and k≥0 be maximal with the property that u_k ∈ K. Then define σ to be u_k and τ to be u_{k+1}. Set s_1=u_1, . . . , s_k=u_k and t_1=u_m, . . . , t_{m−k}=u_{k+1}. Then trivially ▷ s_1 ⊂ · · · ⊂ s_k ⊆ σ, ▷ t_1 ⊂ · · · ⊂ t_{m−k} ⊆ τ, ▷ σ ∈ K, τ ∉ K, σ ⊂ τ , and ▷ (s_1 ⊂ · · · ⊂ s_k) ∗ (t_1 ⊂ · · · ⊂ t_{m−k}) → u_1 ⊂ · · · ⊂ u_m, which finishes the proof. □

References

[1] T. Bier, A remark on Alexander duality and the disjunct join, preprint 1992, 7 pages. [2] A. Flores, Über n-dimensionale Komplexe, die im R_{2n+1} absolut selbstverschlungen sind, Ergebnisse Math. Kolloquium Wien 6 (1935), 4–7.

[3] J.E. Goodmann and R. Pollack, Upper bounds for configurations of polytopes in R^d, Discrete Comput. Geom. 1 (1986), 219–227.

[4] B. Grünbaum, Imbeddings of simplicial complexes, Comment. Math. Helv. 44 (1969), 502– 513.

[5] G. Kalai, Many triangulated spheres, Discrete Comput. Geom. 3 (1988), 1–14. [6] J. Matoušek, Using the Borsuk–Ulam Theorem, Lectures on topological methods in combinatorics and geometry, written in cooperation with Anders Björner and Günter M. Ziegler, Springer, Heidelberg, 2003.

BIER SPHERES 3

Mark de Longueville, Freie Universität Berlin, Fachbereich Mathematik, Arnimallee 2-6, 14195 Berlin, Germany.

E-mail address: delong@math.fu-berlin.de